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' Abstract 

, In this paper we study the method of Modulus of Continuity to 

J2 ' show the global well-posedness of some differential equations. In par- 

ticular we prove the global well-posedness of the modified Porous Media 
Equation. 
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5 '. 1 Introduction 

o 



Porous Media Equation (PM) in R^,t > is defined as follows: 

If + n • + i^A'^e = 
u = -k{Vp + gj9) 
divu = 

e{x,o) = eo{x) 

where 9 represents liquid temperature, v > the dissipative coefficient, k 
the matrix medium permeability divided by viscosity in different directions 
respectively, g the acceleration due to gravity, vector 7 the last canonical 
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vector 63 and A = (— A)^/^. Moreover, p is the liquid pressure and u repre- 
sents the hquid discharge by Darcy's law. For simplicity we set k = g = 1. 

In this paper we study the Modified Porous Media Equation (MPM) de- 
fined as follows: 

' If + n • V6I + uA^'O = 0,x e R^,t> 
^ u = A-H-iVp + i0)} 
divu = 

e{x,o) = eoix) 



for a G (0, 1). Our main result is below: 



Theorem 1.1 

Let v > 0, < a < 1 and 9o(x) G ff^ , m G Z+, m > 5/2. Then there exists 
a unique global solution 9 to the MPM (2) such that 

G C(R+; Pi 
Moreover, V 7 G M+, we have VO G H^+t'^) 

We note that an analogous version for Quasi-geostrophic Equation (QG), 
which wc define below (3), was done by [17]. Moreover, while we will em- 
ploy the method of Modulus of Continuity (MOC), initiated by [12] in a 
periodic setting, the smoothing effects stated above, i.e. the spatial decay of 
the solution, allows us to circumvent the difficulty in a non-periodic setting. 
In this regard, we cite [1] and [9] in which the authors proved the global 
well-posedness of QG with initial data belonging to the critical space ^ 
and using the same technique. The H'",m > 5/2, space to which the 
initial data 9q belongs is not critical space, as that requires H^/^. 

A similar result to the Theorem 1.1 showing global regularity of MPM (2) 
is also possible through the method introduced by Caffarelli and Vasseur in 
[5] following the work in [4], [6] and [7]. A similar method following the 
work in [13] is also possible. 

We stress that at first sight, modifying PM (1) by having A"~^ act on 
the u term and finding its MOC based on the previous work on PM (1) in 
[23] seems somewhat difficult. As we will see, the u term of PM (1) can be 
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decomposed to a linear combination of an identity and a singular integral 
operator acting on 9 which we will denote by V{6). The problematic term 
is the Riesz potential, namely h"^^0. We obviate from this issue by making 
a simple observation; see Proposition 3.3. 

The outline of the rest of the paper is as follows: 

1. Introduction 

2. Local Results 

3. Global Results 

4. Appendix A: Besov Space, MoUifers 

5. Appendix B: Proofs of Local Results and More 

Let us introduce some MOC of relevance. By definition, a MOC is a 
continuous, increasing and concave function uj: [0, oo) — >■ [0, oo) with u;(0) 
= 0. We say some function B: M" ^ has MOC uj if |6'(x) - 6'(y)| < a;(|x 
- y|) holds for all x, y G W. 

The idea of MOC has caught much attention since the paper [12], in which 
the authors proved the global regularity of the solution to the 2-D critical 
QG defined as follows: 

dtO + {u ■ V)e = -kM^O (3) 

where u = (ui, U2) = (-7^2^, T^id), TZi is Riesz Transform in R^, i = 
1, 2, and k diffusivity constant. The variable u represents velocity and 
potential temperature. In particular, we have the following result from [12]: 

Proposition 1.2 

// the function 9 ■.R'^ has MOC oj, then u of (3) has MOC as follows: 




Their initiative motivated others to follow. Consider a pseudo-differential 
operator, or a modified Riesz Transform, TZaj defined as follows: 
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1 < j < n, for f G »S(M"') where 71 is Riesz Transform, <S Schwartz space, 
< a < 1 and Ca,n the normahzation constant. We have the following result 
due to [17]: 

Proposition 1.3 

If 9, as defined in Proposition 1.2, has MOC lo, then u = (-'JZa,2d, T^a,id) 
has the MOC of 



with some absolute constant > depending only on a. 

Next, consider in a singular integral operator V(9) by the convolution 
with a kernel: 



essentially a double Riesz transform of 6. We elaborate on this kernel in 
more detail below. First, let us construct a MOC of such modified analo- 
gously to the Riesz Transform above: 

Proposition 1.4 

In define a modified double Riesz Transform TZajTliiO ) where TZaj is that 
of Proposition 1.3 and its kernel is in the form of j cij j^js+i-i i,3 = 
1,2,3 on each component. 



for some C > 0. 
Proof of Proposition 1.4 

The idea of this proof is borrowed from [23]. We simply substitute f^i from 
Proposition 1.2 for u in 0^2 of Proposition 1.3. Direct computation gives the 
following: 




K{x) = ( 




Then TZajTli{6) has a MOC as follows: 
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m = 

< 

+ 
< 

Q.E.D 

Let us explain the motivation behind the kernels introduced before Propo- 
sition 1.4. Wc derive a relation between u and 9 of PM (1) following the 
method in [3]; for its generalization, see Lemma 4.6 in the Appendix A. As 
a vector identity we have -curl (curl u) + V div u = Au which is reduced 
to -curl(curl u) = Au by divergence free property. Hence, we obtain 

A d'^e d'^e d'^e 

8x18x3' 8x28x3' 8x\ 8x2 
Taking the inverse of the Laplacian, 

- — ! 1 d'^o 8'^e 8'^e 

Att J^3 \x — y\ 8x18x3 ' 8x28x3 ' 8x\ 8x2 
from which standard Integration By Parts (IBP) gives 




u{x,t) = -'^iO,0,e{x,t)) + ^PV [ K{x-y)e{y,t)dy = Ce + V{e) 
o 47r J]K3 



for X G where K(x) = (^^^jf^, ^^^^fjf^), the kernel introduced 

before Proposition 1.4, and C a constant. Throughout this paper we let this 
C be one. 



Remark 

In fact, it can be shown that the double Riesz transform of 9, V{9) has the 

identical MOC as that of Proposition 1.2 and the MOC of of the additional 
term C9 can be absorbed into the first integral of Qi as well. If done so, the 
MOC of Proposition 1.3 will suffice for our need and we do not even need 
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to construct our own MOC but simply use that in [17]. We choose to rely 
on Proposition I.4 instead as the integrand of Q being similar to that of 
of Proposition 1.2 allows us to construct our own MOC (4) and (5) closely 
related to that introduced in [12], consequently making the computation in 
Section 3 simpler. 

The scaling invariance of the PM is A"""'^^ (Ax, A"t) for A > 0, same as the 
case of QG. This makes a = 1 the threshold of sub- and super-criticality. 
Recall that the method of MOC in the first place was introduced in order 
to prove the global regularity of the critical 2-D QG. Observe that if 0(x, t) 
solves QG (3), then so does ^(Ax, At). Not so, when a / 1 and its cost is 
usually the initial condition (cf. [20]). 

However, one may modify the QG (3) as below so that for any a G (0, 
1), its scaling invariance may be similar to that of critical (cf. [4]): 

dtO + (?i • y)e + kA"^ = 

with u = A"~^(— 7^2^5 TZiO). Observe that this PDE enjoys the rescaling 
of 9{x,t) — )■ 9{\x,X'^t). For this reason, as we will see in (4) and (5), we 
will construct a MOC that is unbounded so that finding one MOC oj which 
is globally preserved in time implies that all the MOC c<-'a(0 — ^{^0 ^^^^ 
also be globally preserved. 

It takes only a glance at MPM (2) to realize that it was defined in the 
same spirit. 

2 Local Results 

The purpose of this section is to introduce local results. We note that dou- 
ble Ricsz Transform remains bounded in any space in which an ordinary 
Ricsz Transform is bounded and that the results for the latter case has 
been obtained by [17]. The method of proof is similar to that introduced 
in [14] through regularizing (2) and relying on Picard's Theorem. Let us 
first set some notations; additional information can be found in Appendix A. 

Denote by S' the space of tempered distributions, 4S'(M")/'P(M") the quo- 
tient space of tempered distributions modulo polynomials, = /(^) the 
Fourier Transform, and ||-||x the norm of Banach space X, e.g. 
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H-^ = {f e L\R-) : WfWjjr. = J2 \\D^f\\l^<oo}. 

0<|/3|<m 

Next we take the usual dyadic unity partition of Littlewood-Paley de- 
composition. Let us denote two nonnegative radial functions Xj ^ C°°(M"') 
supported in G R" : |^| < |} and G M"" : | < |C| < §} respectively 
such that 

X(0 + Yl <^(2"'0 = 1, G M"; Yl -^(^-^O = 1, V4 / 

and xio = m,m = ^io- 

We define V/ G 5'(M") the nonhomogeneous Littlewood-Paley operators: 

A_i/ :=$*/, A,-/ := ^^2-. * /, Vj G Z+ U {0} 
where ^'2-j(0 = ^^(2 the homogeneous defined as 

A,/ = *2-.*/,ViGZ. 

With these Littlewood-Paley operators, we define Besov spaces for p, q 
G [1, oo], s G M, the nonhomogeneous and homogeneous respectively: 

B;^, := {/ G 5'(M") : := ||A_i/|Up + (E,>o 2^'^1|A,/||£,)V- < oo} 

B;^, := {/ G S'{R-/V(R^) : ||/||^._^ := (E.-^z 2^'^1I A,-/|r^,)V'^ < oo}. 

Now let us state the main results of this section: 

Proposition 2.1 

Let > 0, < a < 1 and 0q G H"", m G Z+,m > 5/2. Then there exists 
a unique solution 6 G C([0, T], H™) n L2([0, T], H™+t) to the MPM (2) 
where T = T{a, \\9o\\m) > 0. Moreover, we have f^O G L°?H"*+t° V 7 > 1. 

Proposition 2.2 

Let T* be the maximal local existence time of 6 in C([0, T*), H™) n L2([0, 
T*), H"*W2). If T* < 00, then we have /o^lv^(t, Olk-dt = 00. 

The proofs are found in the Appendix B. 
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3 Global Results 



We extend our results to the global case. Below we use ^ = |x - y| inter- 
changeably and omit the subscript a but use instead i = 1, 2, 3, ... to 
indicate different constants; when no confusion arises. By the Blow-up Cri- 
terion Proposition 2.2, we only have to show that /(^H V0||loo < oo for 9 a 
local solution of MPM (2) up to time T > 0. We utilize the following two 
observations made in [12]: 

Proposition 3.1 

Ifuj is a MOC for 9{x,t) : ^ R for all t > 0, then \Ve\{x) < lo'{0) for 
all xeW 

For this reason, we shall construct a MOC oj such that w'(0) < oo. Next, 
Proposition 3.2 

Assume 9 has a strict MOC for allt < T; i.e. Va;,y G R", \9{x,t)-9{y,t)\ < 
Ld{\x — y\), but not for t > T. Then, there exists x, y G R", x ^ y such that 
9(x, T) - 9(y, T) = u(\x - y\) foru satisfying 

w"(0+) = -oo 

Consequently, the only scenario in which a MOC u is lost is if there 
exists a moment T > such that 9 has the MOC oj for all t G [0, T] and two 
distinct points x and y such that 0(x, T) - ^(y, T) = w(|x - y|). 

Below we rule out this possibility by showing that in such case, ^[^(x, 
t) - ^(y, t)]|t='r < 0. For this purpose, let us write 

|[0(x,T)-%,T)] 
= -[{u ■ V9){x,T) - {u ■ V9){y,T)\ - [(A"^)(x,r) - {h."9){y,T)\ 

We call the first bracket Convection term and the second Dissipation 
term. Our agenda now is to first estimate the Convection and Dissipation 
terms, to be specific find upper bounds that depend on uj. Then we will 
construct the MOC uj explicitly that assures us that the sum of the two 
terms is negative to reach the desired result. 

Estimates on the Convection and Dissipation Terms 

We propose the following estimate for our Convection Term: 

Proposition 3.3 
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If uj is a MOC for e(x,t): ^ R , a local solution to MPM (2) for all 
t < T, then 



(u ■ V9)ix, T)-{u- ve)iy, T) < cn{cWiO 

where u = h°'~^{9 + V{9)} and ^{^) is that of Proposition 1.4- 

The proof relies on the following observation due to [15] and [19]. Prom 
the expression of 

-Au = {-d^,d^,e, -d^,d^,9, dl^9 + dl^9) 

in the case of PM (1) derived in Section 1, the Fourier multilplier of 
such operator is clear; each component is a linear combination of terms like 
^p-, j = 1, 2, 3 which belongs to C°°(R^ \ {0}) and homogeneous of degree 
zero. Hence, it is clear that for the MPM (2) we can express u as 

Y,ci,K''-\-Ay^d,d,9 = Y,na,jn,e 

i,3 i,3 

where "^qJ is that of Proposition 1.2. Therefore, the MOC for u = 
k"-^{9 + r{9)} of MPM (2) is that of Proposition 1.4. 
Remark 

We note that in [23], the authors considered the MOC of the Convection 
term of PM (1) separately; i.e. for 9 term and another for the V{9). In 
our case, the same strategy would lead to having to deal with K°'~^9 term. 
Now we only need to compute 



u ■ V9{x) - u ■ V9{y) 

^[9{x + hu{x))-9{y + hu{y))] 



= lim 

= lim 

< lim 
h\0 



[9{x + hujx)) - 9{y + hujy))] - [9{x) - 9{y)] 
h 

[9{x + hu{x)) - 9{y + hu{y))] - cojO 
h 

oji^+hm)-<^iO) 



h 
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For the estimate on Dissipation term, we borrow below from [12], note 
their result is general in dimension: 



1^1'' a;(e + 2r7)+a;(^-2r?)-2a;(0 ^^^ a;(2r? + Q - a;(2r? - Q - 2a;(0 



The Explicit Construction of the Modulus of Continuity 

The MOC (4) and (5) that we construct below is naturally a hybrid of 
those introduced in [12] and [23]. With a G (0, l),r £ (1, 1 + a),0 < 7 < 
5 <1, define 

^(0 = e - r when < e < <5 (4) 
= , ^7 T- ^hen d<^ (5) 

e([^^^] + M|)) 

The function uj is clearly continuous and ^(0) = 0. The first derivative 
of (4) is 

^'(O = l-^r-'>0 (6) 

for S sufficiently small and hence increasing . Moreover, i^'(O) = 1 < 00. 
The positivity of (5) is clear, and hence the unboundedness. The second 
derivative of (4) is 

co"{0 = -r{r-l)e-' (7) 
which is clearly negative; notice also 

lim^^Q+oj" {^) = —00 (8) 
Finally, for small enough 5 we have 

J {5-) = 1 - rS"-^ « 1 (9) 

while 

Therefore, the concavity is achieved. Now we consider two cases 
The case 0<^<5 
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In this case we have 

w(r/) 



with which we immediately obtain 



<lVr/>0, (11) 



/o V 

and 



(12) 



Z'!!^., <i!:l (13) 



Moreover, 



A ^l+a([2a!i-±l]+Zo5(2))' 



< + \— I -^dz 

a la. 



?1— a 



+ 



7(5 



a 

where the first inequahty is by (11). Thus, we have 

J, 7,0+1 2a2 ' > ' 

because 7 < 5. Since w'(0 ^ ^'(0) = the contribution from the 
positive side is hmited to 

Ci[e^-"? + + (^|^)<5^-n] (16) 

1 — a za^ 

The work from [12] shows that the first integrand of the dissipation term 
gives 

Therefore, adding (16) and (17) gives 
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is achieved as (5 — )■ forcing ^ — >■ 0; note r — a — 1 < 0. 



The Case S <^ 

In this case we only have 



V 

for r) G [0, 5]. Using u{r]) < \/ 5 < r] < ^, we obtain 

Jo V Jo V Js ^ d 

Observing that 



if 6 is small enough, we reach from (20) 

J^^'^drj<coiO{2 + lo9{^)) 



Next, 



—-dj] = + - / u! {r])ri dr] 

9 



and hence 



if we take 7 small enough such that 



2Zo5(2)7 < - < 
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which follows from (21); the need for the multiplication by 21og(2) on 7 
becomes clear below. Therefore, the contribution from the positive side is 
limited to 





= C7ia;(Or"[^(2 + M|) + (^))]- ^ 



On the other hand, we have the following estimate from [12]: 

l-^!mi>^^l§Lzii^,,<.cMm- (27) 

which is due to 



r2( 

a;(2r? + - a;(2r? - < ^i^O = ^(0 + 7 j ■ 



e r/([^^^^]+Mf)) 



dr] 



< a;(0 + 7M2) < ^^(0 
by concavity and (25). In sum, we obtain from (26) and (27) 



ciu.(or"7 - C2u;(e)r" (28) 

< a;(e)r"[Ci7-C2] <0 
where the last inequality is attainable for 7 sufficiently small. Q.E.D. 

4 Appendix A: Besov Space and MoUifiers 

Besov Space 

We introduce the two types of coupled space-time Besov spaces. They are 
L^([0, T], Bp,.), abbreviated by L^B*^, defined by the norm 



= 11112-'^ II Aj/||ip||r||LP[o,r] 

and L^dO, T], B*^), abbreviated by L^B^^^, called the Chemin-Lerner's 
space-time space which are the set of tempered distribution f satisfying the 
norm 
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2^'l|A,-/|L.ip||r <oo 



We list useful results below: 
Lemma 4.1 Bernstein's Inequality 

Let f G LP{W') with l<p<q<ooandO<r<R. Then V/c G Z+ U {0}, 
and A > 0, 3 a constant > such that 



(a) sup < CA'^+^^Vp-V?) 11/11^, ifsuppTf C : Id < Ar}, 



(6)C-1a*^||/||l. < s«P|a|=fe||5"/||L. < CfeA*^||/||LP i/5uppJ^/ C Ar < \^\ < 



and if we replace derivative d" by the fractional derivative, the inequal- 
ities remain valid only with trivial modifications. 

Lemma 4.2 Besov Embedding (cf. [18]) 

Assume s € M and p, q G [1, oo]. 



(a) If 1 < < 92 < oo, then B^^g.iW) C B;^g,{W). 

(b) If 1 < < P2 < oo and Si = s2+n(^-^), then 5^i,,(M") C ^^,^,(M"). 
Lemma 4.3 (cf. [21]) 

(a) For f G 5' with suppTf C : 1^ < r}, 3 C = C(n) such that for 1 
^ P ^ Q ^ oo, 



(c) Denoting Riesz transform by TZ, for s > n/p, l<p<cxD, l<r<oo, 



11/11, <Cr"('-')||/||p 



(b) Analogously, if suppj"/ C : 1^ ~ r}, then 



11/11, ^r"(?4)||/||^ 




11^/11 



<C||/||^ 



p,r 
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Next, we define the transport-diffusion equation, < a < 1 



dte + u-ve + v\D\'^i 

divu = 
9\t=Q= 9o 



Proposition 4.4 (cf. [16], [17]) 

Let -1 < s < 1, 1< pi < p < oo, p, r € [l,oo],/ € Ll^^{R+ , Bp^r"^ ) and 
u a divergence-free vector field in L^^pp(R"'"; Lip(M")). Suppose ^ is a C°° 
solution of (TD)a. Then 3 C = C(n, s, a) s.t. V t G R+, 

where V(t) := £ ||Vu(r)||L- dr. 

Moreover, if u = \D\"^^{TZ'^{d)), the inequality above still holds with 
V(t) = y(t) := /o(||Vu(t)||l^ + |||D|"e(r)||L-) dr. Taking p = r = 2, p 
= pi = oo gives 

PhooHs < Ce^^^'\\\eo\\Hs + iy-'\\fh^H^-.) 

An outline of the proof of Proposition 4.4 which consists of using para- 
differential calculus and Lagrangian coordinate method combined with com- 
muter estimates as well as results from [8], [10] and [11], can be found in 
[16]. 

For our case with u = A'^~^{9 + V{9)), it suffices to note that the state- 
ment of the Proposition applies for u = Tl^{9) and u = 9 + V{9) identically 
and the modification by is same in the case of the modified QG and 

MPM. Therefore, V above applies for MPM. Furthermore, for our purpose, 
we note that V{T) < CT\\0\\l^h"^ by Sobolev embedding. The complete 
proof can be found in [22] . 



We also have the following from [2]: 



Proposition 4.5 

Let u be a C°° divergence-free vector field and f a C°° function. Assume 
that ^ is a solution of (TDq,). Then for p G [1, oo], we have 

\m\\Lv<\\9o\W+ f\\f{T)\\LvdT 

Jo 



15 



We introduce another result, relevant to our estimate of the Convection 
term: 

Lemma 4.6 (cf. [19] jl 

Let m G C°°(M"'\{0}) be a homogeneous function of degree 0, and be the 

corresponding multiplier operator defined by (T^/) = Tnf, then there exists 
a G C and € C°°(5"~^) with zero average such that for any Schwartz 
function f, 

T^f = af + PV^*f. 

Mollifier 

Given an arbitrary radial function p{\x\) S Cg^(M'^), p > 0, f^g p dx = 1, we 
define the mollifer operator 7^: LP(R3)^C~(M3), 1 < p < oo, e > 0, by 

{TJ){x) = / p{^^)f{y)dy V / G LP 
Jr3 e 

Lemma 4.8 

For m€ Z+ U {0}, s G M, A; G M+. Then 

(i) V/ G Co,Tef — >f uniformly on a compact set U in R'^; ||7^/||loo < ||/||loo. 

(ii) V/ G /7™(IR3), B^{%f )=%{D/'fy, V/ G H^W"), \D\'{TJ) = %{\D\'f). 
{m)yfeH%R^),lim,^o\\TJ-f\\H^ = and \\TJ - fWns-^ < ce\\f\\H^ . 
(iv)V/ G \\TJ\\Hrn+^ < ce-^WfWH-. and WZD'^fh^ < ce'^^+'^mfh^. 

5 Appendix B: Proofs of Local Results and More 

In this section we sketch out the proofs from Section 2 Local Results. Let 
us regularize MPM (2) writing A = |D|: 

91 + ziiZu-) ■ vize^)) + u%{z\D\^e^) = 

= \D\''-^C{e') + P{9')) (29) 
e%=o=9o{x) 

■^The author is grateful to Professor Liutang Xue for pointing out this fact. 
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Observe that (29) can be reduced to an ODE, 




■m 



(30) 



where ¥,{9') = -uTf\D\'^e' - Te[{%u') ■ V{%e^)\ = ¥1(6^) - ¥^^{9'). 



Naturally the following Proposition can be proven by Picard's Theorem; 
we refer readers to [14] for proof. 

Proposition 5.1 Global Existence of Regularized Solutions 

Let ^0 € H"^,m G Z+ U {0},m > 5/2. Then Ve > 0, there exists a unique 
global solution 9^ G C^([0, oo), i?™) to the regularized MPM (29). 

We may also assume the following result with identical proof found in [14] : 

Proposition 5.2 

The unique regularized solution 9^ G C^([0, oo), H"^) to (29) satisfies below: 



Below we show that if m > 5/2, 3 [0, T] and subsequence convergent to 
a limit function 9 that solves the MPM (2). The strategy is to first obtain 
the uniform bounds of H"^ norm in the interval [0, T] independent of e, and 
show that in [0, T], these approximate solutions are contracting in norm. 
By applying Interpolation Inequality, wc will prove convergence as e ^ 
and pass the limit. Moreover, we outline the proof of the uniqueness and 
smoothing effects. 

We first show below that {9'') the family of solution is uniformly bounded 
in H™. We have 



2di 



L^ + \\Te9'\\L^W 



(31) 



and 



SUpo<t<T\\0''\\L2 < ||6'o||l2 




17 



sup^<t<TW\\„m < _ "-'1^7 (32) 

which imphes that for T < — p^^^ — , {9'^) is uniformly bounded in C([0, 
T], H"^). Next, by (31) and (32) after integrating in time [0, T] we obtain 

^l/2|||^|a/2^e||^^^^^,^j^^^^ < C{\\eo\\Hm,T) (33) 

This with the energy inequahty after (31) gives 

''^^^P1lH[o,t],h"^+^) - Ci\\eo\\Hm,T), 

the desired uniform bound. 
Q.E.D. 

We now show that the solutions 6"^ to regularized MPM (29) form a contrac- 
tion in the low norm C([0,T], L2(m3)). i.e. Ve,e,3 C = C(||6'o||ijm, T) such 
that 

supo<t<T\\d^ — < Cmax{e, e} 

We take 

^l-ef = -i.(7;2|i^rr-7i2|i)rr)-(7;((7;i.^)-v(r.r))-7i((7it/^')-v(7ir)) 

and multiply by 9'^ — 9^ and integrate to get 



{91-919^-6^) 
= -iy{T^\D\'^9' -Ti\D\''9\9' -9'') 

- {[%{{%u') ■ v(7;r)) - Temu') ■ v(7;-r))],r - r) 
= /- // 

We bound I and II separately by standard method using the fact that 
Riesz potentials are bounded in 1/ space; for details, see [17]. Thus, we 
have 



supQ<t<T\\9'-9'\\L^ < e"(^)^(max{e,e} + ||e^-^^||i2) < C{M,T)max{e,€} 

(34) 
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where M is an upper bound from (32). Prom this we deduce that {6'^} is 

Cauchy in C([0, T], L2(m3)) and hence converges to 6* G C([0, T], L2(m3)). 
We apply the Interpolation Inequality to — ^, and using (32) and (34) we 
obtain 



supo<t<TW-0\\s < CsSupo<t<T{W-O\\^,"'W-0\\^m) < C{\\eo\\Hm,T,s)e^ 
which gives 6 G C{[0,T],H^{R^)),0 <s<m 

Also, from 6^ = -iyT^\I)\"e^ - %{{TeU'') ■ V{%0^)), we see that 6^ converges 
to -iy\B\'^e -u-Vein C([0, T], C{R^)). As 9^ 9, the distribution limit of 
6*1 must be Of, i.e. 6* is a classical solution of MPM (2). From (32) and (33) 
we also have 6 G L°°{[0,T], H'^iW^)) n L'^{[0,T], H"'+'i (R^). 

Next, we show 6 G C([0, T], H'"(M3)). Firstly, we have 

\\9{t)-e{t')\\lr.=Co\m)-9it')\\l^ 

< Co Yl 22^™||A,e(t)-A,-^(tO||i2+2Co^22^™||A,-e||i^^. 
-i<j<j j>J 

and 

||Vu||loo + |||i:)|°6i||Loo 

< ci\\v\D\^-\e + v{e))\\r,o +\\e\\Hm) 

oo.l 

= c{Y.\\A,{v\Dr\e + v{e)m\L^ 

i<-i 

+ Y\\Aj{v\D\''-\e + v{9))}\\l^ + \\e\\Hm) 

j>0 

< c{Y,2^^Aj{9 + r{e)}\\L^ 

i<-i 

+ 5;2^M||A,-{V(^ + P(0))}||loc + ll^lli^^) 

i>o 

< C(^ 2^('^+i)||A,-e||L2 + ^2^("-i)||A,ve||Loo + p||H-)<C||e||ifr. 

i<-i i>o 

Next, by Besov embedding and Prop. 4.4, we have 
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oo 



(35) 

Hence, we know 3 J = J(T, S) such that 
We apply Mean Value Theorem to get 



< C\t — t'\'^2'^'^ \\dt9\\'j^cx>ffm-l 

On the last term, we have 



ll^t^ll Jl/m-l < I^ll IZ?!"^^!! Jl^m-l + \\U ■ V^l|//m-l 

< 

+ \\uO\\h^ < C(i|0||j7m + ||tl||ii-r,.||6'||i^m) 
< Cm\Hm + \\efHrr.)<C{\\eo\\Hm,T) 

i.e. dte e L°°{[0,T],H"'-^y, hence the desired continuity. 

The uniqueness is proven by standard way of using the difference of two 
different solutions, multiplication, integration and Gronwall's inequality (cf. 
[17]). For the smoothing effects, take t'^d,^ > in (TD)^ below: 

dtif'O) + u ■ V{t:'9) + i/|Z)|"(t^0) = jf-^O; {t^9)\t=o = 
Assume T > 1 without loss of generality. We show the following: 

which implies 

The proof is done through induction on 7 and interpolation to apply for 
all 7 € M"*"; the readers are referred to [17] for detail. 
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Finally, the blow up criterion is proven. In similar fashion to (31) we can 
obtain 



1 d 
2 



e 



1 



L°o + II^IIls)!!^ 



Now Gronwall's inequality, the fact that ^ H"^,m € Z+ and m > | 
and Sobolev inequality show that if the blow-up time T* < oo, then 




I llV^lliootit = oo 





Q.E.D. 



This completes the proofs of both Proposition 2.1 and 2.2. 
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